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Abstract
This article presents the design and preparation using hypermedia tools of an interactive CD-ROM for
the active teaching and learning of diverse problem-solving strategies in Mathematics for secondary school
students. The use of the CD-ROM allows the students to learn, interactively, the heuristic style of solving
problems. A range of problems has been used, each of which requires diﬀerent solving strategies. A com-
plementary section for consulting the theoretical foundations for the process of solving problems and other
related information is also included on the CD-ROM. This section provides both theoretical and curricu-
lum support for teachers. # 2002 Elsevier Science Ltd. All rights reserved.
Keywords: Computer mediated communication; Interactive learning environments; Multimedia/hypermedia systems;
Secondary education; Teaching/learning strategies
1. Introduction
Historically, the processes of solving problems and the analysis of transfer mechanisms have
been the two mainstays of the cognitive paradigm as it is applied to the study and analysis of
Mathematics learning (Polya, 1973). Hence, in developing our theory of the design of computer-
0360-1315/02/$ - see front matter # 2002 Elsevier Science Ltd. All rights reserved.
PI I : S0360-1315(01 )00062-8
Computers & Education 38 (2002) 303–317
www.elsevier.com/locate/compedu
* Corresponding author. Fax: +34-91-411-76-51.
E-mail addresses: jchamoso@gugu.usal.es (J. Chamoso Sa´nchez), luis@iec.csic.es (L. Herna´ndez Encinas),
riclop@gugu.usal.es (R. Lo´pez Ferna´ndez), meros@gugu.usal.es (M. Rodrı´guez Sa´nchez).
based mathematical instruction, thought was given as to how to represent such processes in
computerisable models. The Global Problem Solving (GPS) computer application is the basic
historical reference for research into the implementation of the executive-heuristic system in
computer application designs.
From a theoretical point of view, these processes should give an answer to the following basic
question: to what extent can heuristic processes be represented algorithmically? Newel and Simon
(1972) gave the ﬁrst solution with their method of ‘‘analysis of means and ends’’. However, the
poverty of technology at that time meant that this methodology was essentially reductionist. Only
a limited group of problems, such as the classic Towers of Hanoi, could be solved in this way.
The teaching of Mathematics has been used as one of the more widely extended conceptual
laboratories for proving the eﬃcacy and eﬃciency of computer science experiments in teaching
and learning. These experiments were used as a basis for many of the Computer Aided Learning
(CAL) programs which focused on such topics as arithmetical calculation, geometrical simula-
tions, and formal expansions in algebra. The 1950s and 1960s saw the design of instructive
material in which the student had to reply to a set of questions programmed by means of a linear
ﬂow diagram, with no possibility of interaction between the computer and the user; i.e. the
behaviourist model (for a more extensive analysis see Lo´pez Ferna´ndez, 1999). Subsequently, an
attempt was made to adapt the software to the student’s level of learning, depending on his/her
answers. Hence, branched programmes allowed some interactivity (for example the programmes
developed in the context of TICCIT experiences).
In the 1970s and 1980s the inﬂuence of theories of discovery learning came to the forefront, and
simulations and games were used, not least because of their perceived ability to motivate the
learner. Parallel to this, a number of programming languages were developed (such as BASIC,
PASCAL and LOGO) which allowed the student to take control of the computer. At this time
Mathematics was used as a reference framework for developing these languages, because of the
conceptual proximity between them and the logical/deductive thought proper to Mathematics.
Currently, the appearance of hypertext and, latterly, that of multimedia and hypermedia sys-
tems, have given rise to new possibilities for the technological implementation of models that
carry out and develop capacities characteristic of the executive-heuristic system.
In this article, we describe an interactive CD-ROM, developed to exploit the new possibilities
oﬀered by hypermedia systems to improve the processes of heuristic learning of secondary level
students. The theoretical underpinning of the design draws out the understanding of metacogni-
tive mechanisms, Polya’s gestalt theory (1973), Schoenfeld’s (1994) heuristic models, the theory of
incremental analogy (Keane, 1987) as well as being cognisant of hypermedia structure.
The prototype interactive CD-ROM, which is the basis of this study, is designed to facilitate
students’ ability to use heuristics to solve problems, following Polya’s (1973) stages. Section 2
provides a fuller description of theory and of the implications for the design of the CD-ROM,
while in Section 3 the curriculum content and modes of use are outlined. There are two modes of
use. The ﬁrst is designed to support students’ learning (or as an information source for teachers)
in relation to their heuristic capacities (the Theoretical Foundations). The second mode is a prac-
tice mode designed to promote the aforementioned capacities (the Practical Development). The
hypermedia tools used for the development and implementation of this product are given in
Section 4. Finally, Section 5 presents the conclusions deriving from this study, together with the
future research lines and action transpiring from it.
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2. Hypermedia systems in relation to mathematics learning
This section lays the foundations on which the design of this CD-ROM rests.
2.1. Teaching/learning process and hypermedia systems
There is growing consensus, regardless of the theoretical model adopted on the mechanisms
generating the information process, that if one receives a good classiﬁcation and structuring of
mathematical information, this will facilitate deeper learning and, therefore, more eﬃcient learn-
ing. Also it is important to achieve the eﬃcient coding of information, whether verbal, symbolic-
formal or in the form of an icon. In this way the interaction process between the external and
internal representations of the knowledge is boosted and, with it, the eﬃciency and eﬃcacy of the
learning process (Bruner, 1966; Goldin, 1992a, 1992b).
The emergence of hypertext has facilitated the possibility of organising knowledge in a way
diﬀerent from the traditional linearity of the textbook. With hypertext, information can be
arranged in blocks, connected by links, through which existing knowledge can be recovered when
it seems opportune, in a non-linear way. This structuring seeks to emulate the organisation of the
association process of the learning. The union of hypertext and multimedia technology, a tech-
nology that enables the integration of diverse media (audio, video, etc.), has resulted in the
development of hypermedia, which allows diﬀerentiation at the individual user level. These
hardware and software developments have been augmented by new understandings of ways in
which information can be stored and used. Thus the interactive multi-representation permitted by
hypermedia systems allows the possibility of representing dynamic processes for promoting the
coding and organising capacity of the knowledge. In short, hypermedia systems now allow good
classiﬁcation and structuring of the information, adequate storing criteria, signiﬁcant searching,
immediate retrieval of knowledge, multi-representation of information.
Hypermedia systems also provide a series of basic properties essential to teaching/learning
processes (Eklund, 1995):
1. they allow the adaptation of each student;
2. they provide support mechanisms, orientated to the strengthening of the ideas and concepts
around which the subject of study or work revolves;
3. they allow feedback from the system, so that the student can know whether his/her reply is
appropriate or not;
4. they oﬀer the possibility of carrying out a permanent evaluation of the student;
5. they can interact, thus allowing the student to have dynamic control over the system; and
6. ﬁnally, they can be used as an element of cooperative work thanks to the work systems on
the net (Intranet and Internet), and through the use of auxiliary instruments such as Tele-
matic Assistants.
2.2. Hypermedia systems and the learning of mathematics
To reiterate, hypermedia systems have the means to support constructive learning which surpass
the possibilities oﬀered by textbooks. Furthermore, such systems improve information-storing
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capacity and oﬀer greater possibilities of adaptation and simulation, thus bringing the user closer
to actual manipulation and to concrete experience so that the student can direct learning. They
also facilitate social interaction and co-operation. All this makes these systems potentially valu-
able instruments for learning.
In the speciﬁc case of Mathematics, we would argue that deep learning is not constructed line-
arly, but rather by forming propositional networks with nodes connected to each other by many
cross-links of diﬀerent levels. Such links are more easily represented in hypermedia than a linear
book.
Let it suﬃce to recall that when a mathematics book is used it is necessary for long-term
memory to be activated in order to retrieve the knowledge required to understand what is being
dealt with. This task, which requires constant alertness and permanent tension, is one of the dif-
ﬁculties that students ﬁnd in tackling the study of Mathematics. However, hypermedia systems
can be more eﬀective in reducing such cognitive load than books. Mathematical processing is
dependent on our memorizing ability, especially on storage capacity and speed. This is, above all,
due to the interaction between the structure of internal knowledge and the ability to relate it with
the external representations of that aforementioned knowledge (Bruner, 1966; Goldin, 1992a,
1992b).
2.3. Problem solving in Mathematics
Many researchers in the ﬁeld of mathematical learning (see, for example, Davis & McKillip,
1980; Leblanc, Proudﬁt, & Putt, 1980; Schoenfeld, 1994; Watson, 1983), as well as the US
National Council of Teachers of Mathematics (1989) and the Cockroft (1982) report in the UK
consider that learning how to solve problems is the fundamental objective of Mathematics
education.
We understand the process of solving of problems in which the student calculates, conjectures
and suggests explanations, all in order to reach a solution to a problem posed. In this situation
the student does not have a procedure or an algorithm that enables him/her to solve the problem
automatically, but rather he/she must use heuristic strategies. The capacity and ability to solve
problems is not only acquired by solving many problems but is also favoured by acquiring ease
and familiarity with diﬀerent solving techniques and by discovering the mental processes used in
solving one of them. These processes can be learned and assimilated when they are known and
practised.
In order to teach heuristic strategies we must ﬁrst investigate such strategies by inspecting the
way in which experts and students tackle problems. Bransford and Stein (1984) and Mayer (1992)
pointed out that the experts do not usually activate much information, since they eﬃciently dif-
ferentiate relevant data from accidental data, which allows them to activate the necessary
knowledge that will then comprise the key to their solution. On the other hand, beginners usually
have their knowledge less organised and less systemitised. Moreover, what diﬀerentiates the
expert from the beginner is not so much the speciﬁc knowledge of particular concepts or skills,
but the organising and structuring of their own knowledge schemes, which allow them access to
solving in an eﬃcient and ﬂexible way (Chi, Bassok, Lewis, Reimann, & Glaser, 1989).
Many schemes for solving problems have been developed (Bransford & Stein, 1984; Burton,
1987; Guzma´n, 1994; Krulik & Rudnik, 1987; Mason, Burton, & Stacey, 1989; Polya, 1973;
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Schoenfeld, 1994). In this study we have followed that of Polya as it is the simplest and the most
concise. The other schemes are, in general, more sophisticated and, perhaps, more appropriate in
a non-hypermedia context.
Polya’s (1973) scheme for solving problems distinguishes four stages:
1. Understanding the problem: The goal of this ﬁrst phase is to enable the students to answer the
following questions: What are the data? What is the unknown? What is the condition?
2. Devising a plan: Here students have to ﬁnd the connection between the data and the
unknown. For example, they may be obliged to consider auxiliary problems if an immediate
connection cannot be found, or to take into account the following situations: Have you seen
the same problem in a slightly diﬀerent form? Could you restate the problem? Could you
imagine a more accessible related problem? A more general problem? An analogous pro-
blem? Could you solve a part of the problem?
3. Carrying out the plan: Can you see clearly that each step is correct? Can you prove that the
plan is correct?
4. Looking back: Students have to examine the solution obtained, answering questions like:
Can you check the result? Can you check the argument? Can you derive the result diﬀer-
ently? Can you use the result, or the method, for some other problem?
3. An interactive CD-ROM
The CD-ROM prototype presented here exempliﬁes the application of the executive-heuristic
system in a hypermedia environment.
Brieﬂy two options are presented to the student at the start of the program: Theoretical Foun-
dations and Practical Development. The ﬁrst takes the student to the main principles and the
underlying theory for solving problems, whereas the second one lets him/her practise this
knowledge (below we comment each of these options). Fig. 1 presents the main screen for access
to the CD-ROM.
One of the main diﬃculties appearing in such development of a hypermedia application is the
simulation of the working of each student’s mental processes when faced with the solving of a
particular problem. It is thus necessary to use general strategies that are, to some extent, open to
diﬀerent learning processes. Hence we used Polya’s stages cited above as a mechanism for solving
a proposed problem.
When the implementation of these strategies in the CD-ROM was carried out, we noted that
the statement of a problem provides information that has to be organised and codiﬁed in order to
obtain a mental representation (understanding). In particular, this phase is developed through an
interactive tutorial for the understanding of the problem, i.e. a programme is established for
analysing its data and unknown quantities.
The second phase is connected with the strategy for solving the problem. At this moment, the
student has to decide what process he will follow to attempt to solve the problem (devising a plan).
The next stage (carrying out the plan) is much more mechanical and, therefore, easier to imple-
ment with the help of hypermedia systems. The application in this phase establishes adequate
frameworks for the required procedural calculation.
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The last stage (looking back), also following the structure of Polya’s process, feeds back the
overall understanding of the solving process. This is carried out through a simulation with the
solution given by the student.
The set of problems included in the CD-ROM makes it possible to cover a wide range of stra-
tegies for solving: graphic representation of the problem, particularisation to a speciﬁc case,
subdivision into partial objectives, simpliﬁcation and simulation, etc. The typology of the pro-
blems included in the CD-ROM is varied, ranging from puzzle-type problems, which do not
require the application of algorithmic procedures and whose solution is almost given by the
determining of the solving strategy, to problems that require algorithmic calculations, as well as
others of a geometrical nature.
3.1. The students as the principal focus
The main purpose of this CD-ROM is that the students develop a heuristic style of problem
solving. Therefore, in the designing of this CD-ROM the following objectives were taken into
account:
1. to create an innovating, interactive and attractive educational instrument;
2. to improve the students’ attitude to Mathematics, as well as the results in acquiring mathe-
matical concepts and procedures;
Fig. 1. Main screen.
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3. to facilitate the students’ personal work, thus allowing them to follow their own learning
rhythm, giving them autonomy and changing the teacher into an adviser; and
4. to favour knowledge of problem solving in the present day teaching of Mathematics, as well
as to recognise the value of heuristic strategies.
This CD-ROM is in the main addressed to secondary school students. The CD can be modiﬁed
for diﬀerent levels simply through problem selection and also by modifying the oﬀered informa-
tion. In designing this interactive tool our aim was that students should learn certain problem
solving strategies in the same way as if they were learning them in the classroom with the teacher,
but with the possibility of adapting them to their own learning rhythm. Hence we incorporated to
the CD-ROM some problems that make it possible to develop an interactive structure. The stu-
dent has access to these problems after choosing the option Practical Development in the main
screen (Fig. 1). The ﬁgures in this paper only present one of these problems, the problem of the
boxes, but there are more of them.
For example, we propose to solve the following problem ‘‘A ﬁrm sells carpet tiles to go around
swimming pools. The size of the carpet tiles is of one m2. Could you ﬁnd a formula for calculating
the number of carpet tiles needed to go around a square swimming pool with a side of n metres?’’
In this case, we are looking for a way of obtaining general results or formulas as an extension of
particular cases. Moreover, this problem in particular permits us to propose some generalisations
such as considering diﬀerent shapes of the swimming pool: rectangular, L-shaped or T-shaped,
etc.
A second problem deals with geometric objects. It asks the student to determine the perimeter
of a triangle whose ﬁrst vertex is an exterior point of a circumference, and whose other two ver-
tices are the intersection points, respectively, of the tangents from the ﬁrst vertex to the cir-
cumference and the tangent from any point on the circumference lying on the arc closer to the
ﬁrst point. As one can see, these problems require diﬀerent heuristic strategies if they are to be
solved and they are diﬀerent from the ‘‘classical’’ problems proposed and solved in a normal
classroom in Spain. The ﬁrst would be to solve a particular case and then generalise; the second is
based on a diagram by which one can ﬁnd the way to the solution.
When a student wants to solve one of these problems, a screen appears and this is similar for all
the problems solved on the CD-ROM. This structure is guided by the basic stages of problem
solving mentioned above (Comprehension, Strategy, Solution and Conﬁrmation), which appear on
the tool bar of each screen so that when each phase is performed, as one navigates through the
solving of the problem, it appears in inverse video.
Besides this indication of the phase in which the student is working, there are another two
options on the tool bar which enable the student to broaden interaction with the problem being
solved. The ﬁrst of these, File, allows the student to navigate through the problem with the option
of coming back (Back), accessing a speciﬁc stage of the problem (Stages), or leaving it (Go to
another problem, Exit). The ﬁrst option (Back) makes it possible to move backwards, screen to
screen, in such a way that if the user has trouble in advancing in the process of solving the pro-
blem, he can go back to that point at which he can renew the normal development of solving. The
second option (Stages) presents several suboptions (Statement, Comprehension, Strategy, Solu-
tion) with the aim of obtaining the ﬁrst screen of a particular stage of the solving, except the
Conﬁrmation phase, which requires the previous solving of the problem.
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The second option on the tool bar, Help, allows him/her to choose other tools for solving the
problem being studied (Calculator, Glossary, Strategies, Models, Foundations). The calculator and
glossary tools (the other three options will be commented on later) can help the student to solve
any doubts that may appear when developing the problem, and which are often the cause of
discouragement and abandonment. With this the work is focused on the real aim: solving. As one
can see, we have tried to use the hypermedia links, which are a key tool of these systems, to
improve interactive learning in Mathematics.
3.2. Interactive phases for the solving of problems
Once the student has chosen the option corresponding to Practical Development and selected
one of the proposed problems (in this screen he/she has the possibility of accessing Other State-
ments of Problems which are not solved but verify the same objectives as the problems solved on
the CD-ROM), he/she must be ready to tackle the diﬀerent stages of this process. The next screen
presents the statement of the chosen problem which gives rise to the ﬁrst phase in the solving of
the problem (understanding). Fig. 2 shows the statement of one of the problems included in the
CD-ROM.
From this moment, the student can work following the four stages implemented in the CD-
ROM for the chosen problem (Comprehension, Strategy, Solution and Conﬁrmation), or trying
to solve the problem by using his personal strategy. The latter way allows the student to choose
Fig. 2. Statement of a problem.
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between several possibilities: to avoid some stages established in Polya’s scheme, which are prin-
ted on the tool bar, or to conﬁrm his/her own solution to the problem, without using any of the
stages proposed. In any case the student can access the ﬁrst screen of the selected stage by
choosing the corresponding phase from the File-Stages submenu on the tool bar. Thus, we use
the power of the hypermedia tools to allow students to approach problems from an individual
perspective.
Once the statement of the problem to solve has been presented, the phases mentioned are
characterized by the following facts:
1. In the Comprehension phase, the pieces of information supplied by the statement are orga-
nized and codiﬁed with the goal of obtaining a mental representation of each of them.
Therefore, there are several screens which pose diﬀerent questions like: What do we have?,
What do we want to do?, What do we want to use?, One must look for. . . This situation is
presented similarly for each problem. In this way, the basic elements needed for the com-
prehension of the problem will be established through several screens (Fig. 3). The screens
comprising this phase act as ﬁlters, so that the student cannot pass from one screen to the
next if certain objectives of understanding have not been attained. If a student follows the
wrong track, the hypermedia design links with the statement of the problem so that the
student will realise the causes of his mistake; the key words or phrases that will enable him to
give a suitable answer are shown in a diﬀerent colour.
Fig. 3. Devising a plan stage.
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2. The goal of the Strategy stage is to make the student think about how to tackle the method
for solving the problem. Thus, there are several screens to help the student choose a con-
venient strategy for solving the problem. The student moves forward again in this phase by
answering correctly. He will not access the following phase if he does not pass some ﬁxed
objectives. When the student gives a wrong answer, a simulation or a little help appears to
permit him to rectify his answer and to continue.
3. In the Solution phase the student has to operate and obtain a solution following the strategy
selected. Once the student has solved the problem, it is veriﬁed (Conﬁrmation phase). We
emphasize this last aspect of conﬁrmation because it is omitted on many occasions. This
conﬁrmation is made by means of a simulation, showing that the solution obtained is right.
Figs. 4 and 5 show these two stages:
3.3. A little handbook containing the theoretical foundations
Although instruction in the use of heuristics for problem solving is the main aim of this CD-
ROM, we thought it beneﬁcial to provide the student (or the teacher) access to the foundations of
problem solving theory. Thus, the CD-ROM contains a wide explanation about the principles of
problem solving in Mathematics, the main solving models that according to diﬀerent authors
exist, the more commonly used heuristic strategies, etc. Fig. 6 gives the problem solving strategies.
In addition, the student can also consult how the Spanish secondary school curriculum con-
siders the subject of solving problems (General Objectives, Contents and Evaluation Criteria),
Fig. 4. Carrying out the plan stage.
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consult a bibliography on the diﬀerent aspects dealt with on the CD-ROM, have access to a col-
lection of statements of problems and to the description of some historical ﬁgures who appear at
diﬀerent moments of navigation through the CD-ROM. A brief bibliographic description is given
in Fig. 7.
Access to the foundations of problem solving is only available at certain points in the program.
The ﬁrst chance is after the main screen of the CD, i.e. after launching the application, a choice
can be made between Theoretical Foundations or Practical Development. The ﬁrst option, as we
have commented above, allows the user (student or teacher) to study the problem solving princi-
ples and several related items. The second one leads him/her to practise this knowledge by means
of solving diﬀerent problems.
Access to relevant theory can also be gained at any moment when solving a problem. In the
Help menu, the student can select one of the following options: Strategies, Models or Founda-
tions. In this way, the student can recall the key aspects of the approach such as the problem
solving strategies, the models for solving problems or the main screen of foundations.
4. Hypermedia tools
The hypermedia tools used for implementing this CD-ROM, with a view to achieving the
greatest possible interactivity with the student, were the following:
Fig. 5. Looking back stage.
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4.1. Software
All the hypermedia elements that appear throughout the navigation of this CD-ROM (images,
sound, texts, etc.) were integrated by Macromedia Director, version 6.5 (see, for example, Hen-
derson, 1997). This author tool was chosen because it makes it possible for a large number of
users to have access so that, although the work is at ﬁrst carried out under Windows, the multi-
platform possibility oﬀered makes it possible to also implement the ﬁnal product in version for
Macintosh. Furthermore, with Shockwave technology the ﬁnal product can be worked on via
Internet. It also facilitates the creation of simulations and multi-representations of concepts,
which are fundamental when strengthening the mathematical knowledge dealt with. Moreover, its
work environment, similar to that of cinema productions, should be mentioned. Thus we speak of
Stage, Cast, Score, Frame, Script, etc. Fig. 8 shows the work environment with Macromedia
Director 6.5.
4.2. Languages
Macromedia Director was chosen because it incorporates its own programming language,
Lingo, which allows great interactivity with the user (Thompson, 1996). Lingo is a programming
language that is easy to learn and handle, particularly because of its similarity to normal
Fig. 6. Problem solving strategies.
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Fig. 7. Biographical data.
Fig. 8. Work environment.
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language. The only diﬃculty it poses is familiarisation with the syntax proper to the Macromedia
Director environment. As an example, Fig. 9 gives a small program in Lingo which allows an
object to be dragged to a certain place on the screen and released. This object will remain in that
place if the position is correct, if not, the object will return to the original setting.
The program also includes a library of sentences of frequent use (Behaviors Library), some of
which have been used in the implementation of this CD-ROM.
5. Conclusions and future works
As has already been mentioned, hypermedia systems in the educational sphere are still in the
phase of trial and experimentation. Currently, many of the multimedia applications designed and
implemented are just resources conceived and developed as texts, but adapted to computer media.
This makes them, in many cases, excessively textual materials or mere galleries of images, thus
giving few possibilities for interaction. Moreover, considering the teaching methodology of many
countries, their use in the classroom would possibly be scarce, generally sporadic as an isolated
resource and not included in the usual teaching/learning process.
Curricular changes in the current teaching of Mathematics are focused on processes for solving
problems, together with the introduction of new technologies in the classroom. We believe that
the designing and implementation of hypermedia applications can favour individual learning
processes, and more so in the ﬁeld of Mathematics, as here with the current CD-ROM.
Fig. 9. Programme in Lingo.
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